1620

g Fermi National Accelerator Laboratory FN-306

MECHANICAL STRESSES IN SUPERCONDUCTING QUADRUPQLES
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Summary

A solution has been found for stresses in a structural composite
thaﬁ models a shell type superconducting quadrupole. The composite
consists of three nested hellow cylinders: the innermost cylinder
represents the region of the bore tube, the middle cylinder the
region of superconductor, and the outermost cylinder the region of
the collars. Under zero stress a distribution of current is chosen

to give a pure quadrupole field. Subsequent effects of prestress

= = b

down and excitation on the state of stress are determined. Each

region is characterized by two elastic constants, one thermal constant-}
and cne pretension constant. Two different cases are used to produce

a pure quadrupole field: (&) two sheet currents nested between the
innermost and middle cylinder each with a surface current density
varying as cosine two theta; (B) a thick cosine two theta current

distri
beam line quadrupole.

Equation for Elastic Displacements

If 4 is the displacement vector then (1)
VRVKG-2250 (7-0) = 28EV3xE, (1)
L—av il

-
where E is Young's modulus, v is Polisson's ratio, J is the current
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excitation is used then the RHS of Eqg. (1) is zero.
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Generalized Plane Strain

For simplicity consider only the case for which u, = €,,2 with

€,, = constant. The remaining components are to be considered func-

tions of {(r,0) only. This is consistent with an excitation in which

Jz is the only component of current density. Hence, Eg. (1) becomes

Ju ou
131 2 1%y 511 3 1°%e |_ _,1l+v
Eé‘e‘[f g (Tug) -7 ae] 8'3‘5[? 37 (Fu ) tE 53 } 25 J,Bgr (2)
Ju su
a1 1 9 1 rw 1 2119 « L B a1l
's*r—[zs;‘rue BT J’Bf‘é"e“[fa_r' (ru ) +% 55 }- 275 I By (3)
where
B = 21%_32‘3\7 i (4)

Magnetic Quantities of Interest

Current Sheets (Model A):

A pure quadrupole may be generated with two sheet currents each

varying as cosine two theta. Thus

ib {r=Db)
i = i cos28. {abA/cm) (5)

o] {r=c)

The vector potential corresponding to this excitation is (emu)

. i i
(1+b%r ~H P+t 4)—E:Jr2
s b s c
A =7 bir _4i2+(l+c4r —4)i9 r24p3i p2 cos29
z s b 5 C b
4 -atp a4 -4 2 3 3 -2
i b Ty T;+c ry, & |F +(b 1b+c 1c)r ’J , (6)

where the top entry is for r<b, the middle entry for b<r<c, and

the bottom entry for c<r<rg. See Fig. 1 for geometrical details.
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The magnetic induction is given by taking the curl of

Eq. (6)
i i
4 -4.7h 4 =4, ¢
{ (1+b rs )7;+(1+c rS )??:]r

_ 4 -4'p 4 -4 1 3, -3 .
B = -2n {lb r 1§+(1+c rS )?; ] r+b lbr sin2b (7}

-aic 3, 3, . -3 |
% s F]r-&-(b igte 1c)r _) '
i i

[(l+b4rs H 2 (et 4)75-}r -7

T i |

B, = -2 | bir "4T?+(l+c4rs_4)—9 -1r—b3i r3 MNoosa2e (8)
. :

4 -atp 4 -aic] -3

{? rS T;+C r *»_}r (b 1b+c i )r ’J .

In order to calculate the forces one needs the average field at the

. -

(l+b r *4)ib+g(1+c r_, )i, |
Br = >sin28 {9)
-4y 3 =3, .. 5 _
(l+c r, Y (b c 1b+1c) “) (r=c)

1
o
NN
H
!
Q
H

current sheets. Thus

b
4 4 4 f —
1b+ (1l+c r, )1C i (r=b)

?cosZG {10)
3(1 c4rs 4yi sedy Y (r=c)

b s c ) .

Hence the force per unit area of the current sheet is given by (dynes/

2
cm’ )
4 -4, 2.b 4, -4, "“
b rS lb +E(1+c rs i
£ =7 E(l+cos48) (11)
r 3 5
-b 4 -4,
_77(1 c r )lbl +c ro 1

C AT
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- 4 =4, ., 2.b 4 -4.., .
(1+b ry )lb +E(l+c r )lblc
fe = -7 s b3 , fsin4e (12)
(1+c I, )(;§lblc+lc ) 1 .

v

The magnetic energy stored in a unit length of the quadrupole

is given by
1

WB = §:SAzizrde' {13}

which when contributions from each shell are added gives

3
_ 1 2],2 4 =-4.. 2..b 4 -4.. .
WB = S {b (1+b ry )1b +27;(l+c ro )1b1c

+cz(l+c4r ‘4)1 2 . {(ergs/cm) (14)
s c

—

If t designates the Maxwell stress tensor then in utilizing

(2)

the virial theorem one needs the projection of the outward radial

traction on the radius vector. This beccomes

Akt

-~ 1 2_, 2
n = Tr(Br Be Yr. (15)

R

Evaluating the integral in the virial theorem gives

2
. -4
i) r, . (16)

I 3.3.5rae = 212 (b1 +c?
r=rs

Finally the surface current densities are chosen so that both
the total current and the radial moment of the current are the

same as for the thick cosine two theta quadrupole. Hence

. . _ 2 .2
2w(b1b+c1c) = Joﬂ(c b7}, (17)

2, 2., _ -2 .33
27 (b i*e lc) = Jogﬂ(c L), (18)
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.o _ 1,2 . .2
i, = EB(C +cb=-2b )JO,
o 1,2 o .2
i, = ga(zc cb=-b )JO.
Equations (8), (19), and (20) may be used to eliminate the current

density Jo. Thus

2 2
- T ¢’ .¢bb 4_ .4, 2,2 -4
By = ?Jo{;z*bcgz*[“c b7) -be (e”-b%) Ir }

Thick Cosine Two Theta (Model B):

By definition a thick cosine two theta conductor carries an
axial current between two radii (b,c¢) with a current density that
varies as

JZ = Jocosze.

From this it follows that the vector potential(B) corresponding to

this excitation is (emu)

[lng+%(c4—b4)rs—41r2 \?

b
) 1,..c, 1,4 4 -47.2 1.4 ~2
A, = mJ [Z+lnf+1(c b )r Jr or cos206
1, 4 .4 -4 .2 -2 :
E(c ~b )(rS r+r ) ,) F

where the three entries are for the three regions explained in
Case A.

The magnetic induction becomes

(19)

(20)

(21)

(22)

(23}
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6 1, 4 .4, _ -4 I
[1ng+z(c =) r ~*1r )
| l
_ S orl,.cl. 4.4 -4. 1.4 -3 s
B, = —2'rrJO [Z+lnf+3(c b )rS ]r—zb r 2s1n28 (24)
!
1, 4 .4 ~4, -3 .
zle -b ) {rr “4r 7) |
— -
(’ -
c,l,4 .4 _ -4 '
] [lnE+I(c -b )rS Ir f
- l..¢c, 1,4 .4 -4, 1.4.-3
B, = ZﬁJo \ L E+lnE+I(c b )rs ]r+zb r cos29 (25)
|
b I
/ 1, 4 .4 -4__-3 '
K\ I(c b )(rrS r ) J)
The Lorentz force in the region of the conductor is (dynes/cm3)
_ _ 2§ 1l...¢c,l, 4 .4, -4, 14 -3
fr = JzBB = ﬂJo {‘[ Z+lnf+z(c b )rS ]r+ab r }(1+cos4e) ’ (26)
_ _ oo 2)fl, el 4 4 -4, 1 4 -3 :
fe = JzBr = WJO {[Z+lnf+z(c b )rS Ir Eb r }51n46 . (27)

The magnetic energy stored in a unit length of the quadrupole
is given by

Wy = %~[[AZerdrd6 (28)

Using Egs. (22-23) one has

Wy = f%anoz{i—4b4ln%+(c4—b4)[l+%(c4—b4)rsﬂ4] }. (ergs/cm) (29)

The integral of interest in the virial theorem is from Egq. (15)
and Egs. (24-25)

s a0 12 2, 4.4 -4
j;=r re1'nrdf = i JO (c¢™=b )rS . (30)

Finally the current density Jois chosen by relating it to the

desired central gradient. From Eq. (25)
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L}
B - _ C L 4_ 4 -4
o 2wJ0[lnE+4{c b )rS 1. (31)

Form of Solution

Equations (11-12) and Egs. (26-27) indicate that a suitable

form for the displacement is

u, = Po(r)+P4(r)cos48 ug = Q4(r)sin48. {32)
Substituting into Egs. (2-3) gives
22l e )1 = ~uf (1-2) r+drinr-bir~3] (33)
dar r‘dr !
16p -sLrl 2 (rp)1+5 2 (xg,)- 46‘1(93)
r2 4 dr rdr 2 d dr
4 -3
-u[{(1-A)xr+4rinr-b'r 7], {34}
d 4R d d-1 d 168
4dr(r)+—2'd (rP ) dr[rdr( Q4)]+ 4"
4 -3
=y[~(1+A)r+4rlnr+b r ~J, (35)
where for convenience
1 .2 1+4v _ 4 .4 -4
v = -2-'-?TJO —E"-', A= (C b )I'S +41nc, (36)

Solutions of the Homogeneous Equations

In general these solutions are of the form

— -1 = P - p
Po = Ar T +Br P4 = Cr Q4 = Dr¥, (33)

where p is found by substituting into Egs. (34-35) to obtain
[16-8(p®~1) Jc+4[p+1-B (p-1) ID = 0, (38)

4[-p+1+8 (p+1) JC-[p?~1-1681D = 0. (39)
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The determinant of the coefficients is

i

Alp) = B(p%-9) (p2-25).

Setting this equal to zero gives p

solutions which must be added together to give

- 3,1-28 =-3_ 3-28
P4 = Dlr +1$qu2r 5o 38D3r +D4

_ 3 -3 5 -5
Q4 = Dlr +D2r +D3r +D4r .

In addition to solutions of the form given in Eqg.

seolution is added of the form

rinr ug = Gre,

o
Il
mCH_l

which is utilized in describing pretension.

Displacement

Collecting all the forms together one has after relabeling the

constants

-1
Alr +Blr
! 1-28 3-28
3 1 -3_ 1 5
-1
Azr +B2r
u =
’ 3, 1728 -3 3728, 5
| +-Cyr tomg, P2t T7eEE, B2t
{
/ ar l+lc rinr+p.r
! 3 63 3 3
1-28 3-2B
\ 3 3 -3 3 5
N +[=C,r 7+ D,r — Eyr +F
— 3 2- 83 3 “2 383 3

{32) another

5]cos48.

r ]cos48

r 5]cos4e
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3, *5. Hence there are four

|
)

(40)

(41)

(42)

(43}

(44)
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+Dlr

-3
+El

5
[Clr

3
+D2r

~3,E r5

[Czr 5

3 -3
+D3r

G,r6 + [C3r >

3 3

Strain

Using Egs. (61-63) from Ref. (2)

+Bl

i S

1—28l
2—81
+B
i- 252
2-B, 82

2_ -4
3 Dlr

+[-3Clr

2
-4
r

2

+[=- 3C2r 3=

-2,1 G5 (1+1nr)+B,

B
{ 3 , 1- 283
h +[-3C,r -

3 r—4

33
B3
+B
3-28
1
431
2-B. Bl

+B
3- 262

1

+[3c, r? Lr

1

2

2 -4

! +[3C r

-2
/ B,r +G3(1+83

2+3

lnr)+B
3- 283
2- 63

3

-4
3r +5
l_Bl
2-381

1-8,

*107"§§;
1-8
738

+[3C.r

3 D

r~ 410

e 18
! 3Clr2—6 Bl
1

1-8

2 2

r —6=—s—

2-B., 62

1-8

2 3
3C3r _67_E§

3C r'-4

2 D

-4
D3r +10

3

r +F.r
+F

+E,r +F

2 E

1

2

3- ZBl
-5
2~ BB

3- 282
5§:§§5

3- 283

"52'_3"3‘5

1-28
2-38

1
1

5

1-2¢8

' 2

1-28

T 333 E3r +5F.r

4
Elr

4

-5F

3r

_5]sin4e j

r_s]sin4e

E, r

-5F

4_s5p

—-

-5 . {
3T lsinds PDE

the strains are given by

4
SFl

4
~5F2

4
E3r

4+5F

-6
15 Jcos4s

1

4 ]00546

4
3 ]cos48

-5 }
1t ’

oF > 8indo

3t )

—5F3r_6]cos46 S

FN-306
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(45)

J

r~®Jcosdo ;

r~®Jcos4e

(46)

'_‘z'! 1 (47)

(48)
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Stress

To obtain the stress invert Egs.

after using Egq. (4)
- 1 E —D=
Orr = 2 T4V [Berr (2 5’596
=L E (5.
GGB - 71+V[ (2 B)Err+8€e
g = B £
ro T+v “rg’

where k is the thermal expansion coe

temperature to say 4.2°k. Using the

strain from Egs. (46-48) the homogen

becomes
-2
-Alr
1-8
2 1
-[3C1r +9g—= 31
-2
1+v "R,T
g °rr T
2 1B
—[3C2r +92 Bz
=2 1 1
A3r -G3(l-83)(§4-§§lnr)
2 1-8
-[3C.r +9-—= 3T

3
3 2-F. 83

-4

FN-306
1620
(48-50) of Ref. (2). Thus,
- (2-B)e, _+(4-38)k], (49)
o-(2-B) e, _+(4-38)k], (50)
(51)

fficient integrated from rocom
homogeneous contribution to the

eous contribution to the stress

1 s N
1-8
~4 1 4
+57_—3"—B—]—.E r +5F1 ]COS46
~L2-p)e. +1(4-38.)k,-(1-8,)B
7 2/ %2272 2772 2’72
1-8
2 4 -6
+5-2—:-—3-E~2— E2 r +5F2r }00546
1
-3 (2-83)€, +3(4-3B3) Ky~ (1-B4) B,
~445 -85 E, 457 r~%9cos40 7, (52)
2- 385 r 3t '
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/ -2 1 1
Alr _5(2—81)Ezz+§(4_381)kl_(lm81)Bl
Bl -4 1- B 4 /
+[3C r +3WD r +157-‘3—-B-——E r +5F r 300546 :
1 ;
{
%
Car 2 ~L2-g.)e. _+i(4-38)k.-(1-8.)B
1+v _ 2 2 275222 2°72 2772
E "66 ~
1-B i-p8
2 2 -4 2 4 ~6
+|:3C2r +32—82 D2r +152_382 E,r +5F2r lcos4s
-2 . 1783 1
A3r -G3 3 (l+ R +lnr) (2-83)szz+§(4—383)k3—(1~63)B3
g 1-8, L4 1-84 s P
- 1-8 -B -
/ 2 7P -4 1 4 . -6
\ 3Clr 6—-—2 Bl Dlr ~1-102 331 Elr 5Flr ’4

1-8

~ 1-8, :
1+v _ 2 2 4 -6 .
+102“382 E,r 5F2r »5in4é

-4
5 0r8—<\ 3Cr GT—B—D r

1-B 1-8 &
2 3 -4 3 4 -6
L 3C3r -62__83 Dyr +10m—E3r =SF,r PR (54)
Particular Solution
The particular solution of Eg. (33) may be found by integrating
and dropping those terms already included in the homogeneous form.
Thus
_upll 3,13 0L
P, = g[ 8(2+9\) +5¥ lnr+2b r 1nr] (55)

The contribution to the particular solutions (P4,Q4) of Egs. (34-35)

arising from a term on the RHS of the form r"3 may be found by letting
Py €Y a1

= r . Thus
2 D
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4
16C+8RD = ub (56)
4
8C+168D = ub {57)
or
_ 1 .4 _ 1.4
Cc = 24Ub D—ﬂ's—b . (58)

The remaining contribution to the particular solution (P4, Q4)
arising from the terms on the RHS proportional to r and to rlnr may

be found by assuming solutions of the form

p (R+S1nr+T1ln’r)r3, (59)

4

Q4 (U+Vlnr+W1n2r)r3. {60)
Substituting into Eg. (34) gives
[(16-8B) (R+U) -6RS+4 (1-B)V-2BT]r
+[ (16=8B) {S+V)-128T+8 (1-8)W]rlnr
+(16-88) (T+W) r1n’r = -p[(1-A)r+4rinrl. (61)
Substituting Eg. (59-60) into Eq. (35) gives
[ (-8+168) (R+U) -4 (1-B)S-6V-2W]r
+[ (-B+16B) (5+V)-8(1-B)T-12W]rinr

+(=8+168) (T+W) rin’r = ul-(1+x)r+drinr] (62)

In this substitution the term on the RHS of Egs. (34-35) proportional
to r-3 has been deleted since this contribution has already been found.
Setting

T™+W = 0 (63)

eliminates the term in rlnzr from Egs. (61-62). Equating the co-

efficients of rlnr on each side of Egs. (61-62) gives
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{16-8B) (S+V) ~12BT+8(1-B)W = -4y, (64)
(-8+16B) (S+V)-8(1l-B)T-12W = 4yu. (65)
Solving Egs. (63-65) simultanecusly gives
=1 I} = -1 i
T 6(1+B)B' W 6(l+B)E' (66)
S+V = 15(1-p) % (67)
12 B”

Equating the coefficients of r on each side of Egs. (61-62) gives

[ (16~-8R) (R+U) -6RS+4 (1-B)V-2RT] = -u(l-1), (68)

[ (-8+16B) (R+U) -4 (1-B)S~6V-2W] = -u(l+A}. (69)
Solving Egs. (68-69) simultaneously gives

L

5= -"13

L

wE
o N o

(19-118)+ (1+B) A1, V = {5 5 [F(25-178)+ (148)2], (70)

R+U = Eﬁ'ﬂ[ (25+11B)+(1-B)A]. (71)

Since R and U are coefficients of r3, a term that is already included
in the homogeneous solution, it is possible to choose one relation

between R and U arbitrarily. Hence let U = 0. Then

R _§-B{6(25+118)+(1 -BYAl, U = 0. (72)
Collecting all the contributions gives
Culloaa-1 1.1 _ 3
P4 = E%ﬁsb x m£§(25+118)+(1 B)}\]r
,
—f%f%(l9—118)+(1+8)A]r3lnr+%(l+8)r31n2r}, (73)
TR U6 SRR NS TR W P 3
Q4 = BL24b r +12[6(25 178)+(1+8) A ]r71nr
5
T (74)

6
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Displacement

The particular solution exists only in the region of conductor
(b<r<c). If this part of the solution is thought of as an additional
displacement to be added to the homogeneous forms previously found,
then

Aur = P0+P4cos46 Aue = Q451n48, {75}

where PO, P4, Q4 are given in Eqg. (55) and Egs. (73-74).

Strain
Using Egs. (61-63) from Ref. (2) the incremental strains are

given by

¢
2

_ b1 2 -2_1.4 -2
he, = g i g (2430 r7+5 3

3
rr 2r lnr+7b r =b'r “lnr

+[}f%8b =2 1[6(151 —118)+ (748) A ]r2

;
—§?[11—19B+-6(1+s)A]rzlnr+%(1+e)r21n2r1cos4ej , (76)
J

¢
_u)_1 2,1 2 1,4 -2
Aeee =B i {2+A)r +2r lnr+2b r “lnr

+ | g 4r8)p s 2 2 (254118) + (1-8) A1z

L

"J

+§%[27-195+6(1+B)A]rzlnr—%(1+e)rzlnzr]cos4e3 , (77)

2 l

.
{ —-—(1+28)b [ {25- 38)+2\]r

_u
Ag g = B
L

A5 ay+3(1+8) A ]r2 lnr-—(l+B)r lnzrjain4e ) (78)

135
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Stress
The incremental stress is related to the incremental strain

using Egs. (49-51) after dropping the terms in €ou and k. Thus

Aorr = l+v[78AE ?(2_B)A€883 (79)

Ao

It
r1

1
00 = Thyl-3(27B) e, +3Bhey T, (80)

AUre = T:UﬂEre- (81)

Applying these relations to Egs. (76-78)gives

fo_ . = I%v . %zh%[2(1—B)+(1-25)x]rz—%(l-zs)rzlnr

+%Bb4r_2—lb4r_2

3 lnr

-

: - 1 1 2

;
_%[9(l—B)+2(l+B)A]rzlnr+%(l+8)r2ln2r]cos48j . (82)

A = . X (1[2(1 Y+ (3-2R)A]r“-% (3 —2p)r1
Y96 T TFv B’iﬁ' ~B JPSES Blr lnr

+[%Bb -2, l[3(151 99R)+2 (7-38) A Jr?

" b
+75022 (1-8) +12 (1+8) AJrlnr-1(1+8) ¢ 1n2chos4e} (83)

AG . = LB . Hé'—f%(1+23)b r

-2 1
ro = T+ ' 13l

1(25 38)+A]r2

LSS

If[ (1 -BY+3(1+R) A ]x lnr-i(l+8)r 1n2r}31n48. {84)
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Boundary Conditions

Within the innermost cylinder (a<r<b) and within the outermost

cylinder (c<r<d) Egs. (44-45) and Egs.

pressions for the displacement and stress.

cylinder and for Model B Egs. (44-45) must be supplemented by Eqgs.
73-75) to give the general expression for displacment.
Egs. (52-54) must be augmented by Egs.

form for stress. Using the complete forms the boundary conditions

are as follows.

At r=a, the innermost radius

(52-54) are complete ex-

Inside the middle

In addition,

(82-84) to give the complete

(55,

ot =68 =0, (85)
At x=h oyl = ol o2 ), (86)

Org = Irg = ~E4 (D), (87)

ult - ul7a o, (88)

udt - uf= 0, (89)
At r=c

ol ol -£_(c), (90)

cég)— oég)= ~£4(c), (91)

wit- w0, (92)

g™ 2m - ult (o) (93)
and, after removing term proportional to 8

udt - ulT= o, (94)

At r=d, the outermost radius
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G(—)= O(-) = 0. (95)
Note that fr and fe are given by Egs. (11-12) and may be written as

fr = fr0+fr4cos48, (96)

Hh
i

fe451n46. (97)

Since the normal stress Oy and the radial displacement u involve
both isotropic terms and terms proportional to cosd46 there are 19
relations to be obtained from Egs. (85-95). An examination of Eg. (52)
indicates that there are twenty unknowns (AlBlClDlE1F1A2B2C2D2E2F2

A3G3BBC3D3E3F3€ZZ)' The viral thercem will be used to supply the last
relation.

In detail Eg. ({85) gives

E

1l -2 1
T:UI["Ala —(1-81)B -5(2-By)e 1]
E
_ _ 1 1.,
T TIeyg 7(4=381 )k, (98)
E 1-R 1-R
1 2 1 -4 1 4 -6+ _
l+\)l[-3cla 9§:§Ibla ~5§:§EIEla —5Fla ] =0, (99)
E 1-B 1-R
1 2 1 -4 1 4_ -6 _
At r=b, Egs. (86-89) give
E—l[A b2+ (1-8, ) B, +& (2-8,)e__]
I+v, 71 1'°172 1'“zz
E
2 -2 1
+l+v2[-A2b (1-Bp)By-g(2-Byle,, ]
E, 1 By 1
= —rro- 3(4-3B) kot~ ¢ (4-3B )k =Ao_(b)-£  _(b), (101)

2 l+vl
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E 1-8 1-g
1 2 1. ,-4 1 4 -6
Ty 1 =g Db +55 —35 E,b +5F;b ]
1 1 1
E, 1-8 1-8
2 2 -4 2 4 -6
T [ 3C 0% =95="D b =Sy B b -5F b ]
2 2
= =A rr4(b) f (b):
E 1-8 1-8
1 2 1 -4 1 4 -6
Ty T3P 6T PR T 10y By #5 T
E, 1-B 1-8
2 2. -4 2 4 -6
T [3c b =652 BzD2b +105— 332Ezb 5F,b "]
Ao g (D) =£,, (b),
-a. b -B b+a b l4B.b = -Au__(b)
1 17752 2 ro !
1-28 3-28
3_ 1. -3 1, .5 -5
R o b b T N R T
1-28 3-28
3 2. . -3 2 -5
_cb+ D b Eb+Fb = =Au (b)l‘
T-E, 20 TZE3R, 2 rd
-c.b3-p b 3.5 p3-p. b5
1 1 1 1
3 -3 5 -5
+C2b +D2b +E2b +F2b = -Aue4(b) .
At r=c Egs. (90-93) give
E -2 1
T¥3;[A2° tl1=B))By+5(2-6y)e, ]
Es 2 1,1
+ [-a,c™%-¢, (1-8.) (2+-Line)-(1- ~La-
TFu; 2 3017F3) (FHg Ine) = (1-63)By-5(2-8) ¢ ]
E
__ %3 1 2 1
=Y ?(4'333)k3+1135" 7(4=3B))kyrha, (0} -E, (c),

(102)

(103)

(104)

(105)

(106)

(107)



E 1-8 1-8
2 2 -4 2 4 -6
[3C c +9§-—D c +52_382E2c +5F,c ]
1- B 1-8
3 -4 3 4 -6 _
l+v — - 3C c 9§_§§D 3C 52 3B3E € 5F3c 1= Ac
E l-B 1-8
2 2 -4 2 -6
E 1-B8 1-8
2 3 -4 3 4 -6 _
l+v3[3CBC —62 B 3C +102*363E3C 5F3c 1 = Aor
-1
-Azc -B2c
+A.C l+—l—cG lnc+B,c = Au__ (¢)
3 63 3 ro y
1-28 3-28
3_ 2 -3 2 5 5
CoC g 82 5C +2_382E2c ~Fyc
3 17283 337283 5 5
-C C ‘[“—2—"—'—D C T.%—E c +F C = Au]’_‘4 {c},
2ﬂG3c = Cu,
- 5 5
—C2c —D2c —Ezc —cm
3 -3 5 -5 _
+C3c +D3c +E3c +F30 = Aue4(c).
At r=d Eg. (95} gives
Ej -2 1
1% [-A.d -G (1- 8 )(—+ =—ind)- (1~ B )B (2 B )E
vy 3 2By
Eq
T T TRy 2473850k

~19-

4(c)—fr4(c).

64((:) —f94 (C) ’

(108)

(109)

(110}

(111)

(112)

(113)

(114)
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E 1-8 1-8
3 2 -4 3 4 -6
m:;[ 3C3C QEZHBFEDBC “5m3E3C "5F3C :l

il
o

(115)

E 1-8 1-8
3 2 3 ~4 3 4
1+U3[3C3C 62—_-B;3—D3C +10§_—3-B—-3-E3C —5F3C

..6]

H
=]

{116)

Note that Aor and Acrr4 are the isotropic and cosd46® terms of

ro
Egq. (82). Similarly Aor84 is the sind® term of Eg. (84). Likewise

Au = P

ro of Aur4 = P4 and Aue4 = Q4 of Egq. (75). Note also that the

double current sheet excitation (Model A) is obtained by setting
Acrr = AOBB = Aor@ = Aur = Aue = (0 while the thick cosine two theta
excitation (Model B} is obtained by retaining the additional

stresses and displacements but setting fro = fr4 = f84 = 0.

Use of the Virial Theorem

The virial theorem is used to obtain the final relation among the
unknowns, It states that
T

ff(srr+0 +ozz)rdrde = [ r-T-nrdé+W

r=rs B’ (117)

68

where the double integral is throughout the cross section of the
material under stress. The single integral is over the cylinder at

r=rg (iron shield) and W, is the magnetic energy per unit length

B
contained within the region bounded by r=rg. The RHS of Eg. {(117)
has been evaluated in Egs. (14) and (16} for Model A and in Egs. (29~

30) for Model B. From Eqg. (47) in Ref. (2) one remembers that
O, = v(orr+cee)+E(ezz—k). (118)

The LHS of Eg. (117} becomes

LHS (117) = ff[l+v)(Grr+oeel+E(ezz—k)]rdrde, (112)
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or using Egs. (52-53)
LHS (117) = 2HIE(1—8)[-G(l+%+§lnr)—ezz+3k—2B]rdr
+2ﬂf(l+v)(Acrr+A086)rdr, {(120)

where the subscripts have been dropped since it is to be summed

over each structural region. The indefinite integral is

Indefinite LHS(117)

=ﬂE(l~BK-G(1+%1nr}—ezz+3k-2B]r2

+1ES(1-8) [F(241) r*-r*inr-p?1nr], (121)

where Egs. (82-83) were utilized to obtain the second term. Placing
this second term on the RHS and summing over all regions gives the

final relation.

2__2
ﬂEl(l—Bl)[—ezz+3k *2Bl](b -a”)

1

2 2
+ﬁE2(l—62)[-ezz+3k —2B2](c -b“)

2
+7E., (1-8 ){[— -£_ +3k,-2B ](dz—cz)
3 3 3 “zz 3 3

Gy 2 2
-2§~[d lnd~-c“lnc] }= RHS(122), (122)
3

where for Model A (double sheet cosine two theta)

2

RHS (122) = %WZ{ b2(1+5b4rs'4)ib

3

+2R (14504
C

Hii

rs b7 e

2 4 -=-4,. 2
+c® (1+5¢ ry )lc }. {123)
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In Eq. (123) ib and ic are given by Egs. (19-21).
For Model B (thick cosine two theta)
RHS (122) = 1127 2 { —ab?1nSe (cd-bd) [1+2(ct-pd)r 4]
16 o b 2 s
1 2 2%V, 4. c., 4 4 .1, 4 4 _ -4
+§ﬂ Jo I:v; -4b lnB+(c -b )[1+7(c -b )rS ] ’ (124)

where Je is given in Eg. (31).

Numerical Calculations

The condition of stress, strain and displacement that exists in
three nested hollow cylinders as a result of thermal coocldown, pre-
tension in the outer cylinder, and two different cosine two theta
axial current distributions in the middle cylinder has been calculated
as a function of the central guadrupole gradient. Twenty algebraic

relations in Egs.(98-116) and Eg. (122) among the twenty unknown co-
efficients (A1B1C1D1E1F1A282C2D2E2F2A3G3B3C3D3E3F3Ezz) have been solved.
Thus, for example, the state of stress at any point in the quadrupole
structure may be found. It is usually clear whether a quantity is
stress or strain. Otherwise, R is radial, T is theta or aximuthal, Z
is axial or longitudinal. With regard to position A,B,C,D are the
radii bounding the various media. To indicate which side of a boundary
radius, P is used for positive and M for negative. Thus, for example,
RTBP indicates the (r,8) component at radius B but in the material
between B and C. As explained previously(z) J?E; is a stress which

is to be compared with the yield stress in tension.

Numerical results are given relative to a beam line guadrupole.

The following cases were calculated
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Case Cool Down Pretension Excitation
1 No No No
2 No No Yes
3 No Yes No
4 No Yes Yes
5 Yes No No
6 Yes No Yes
7 Yes Yes No
8 Yes Yes Yes
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No Cool Down, No Pre Load, With Excitation

Case 2.
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No Cool Down, With Pre Load, No Excitation

Case 3.
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No Cool Down, With Pre Load, With Excitation

Case 4,
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